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Recap

Useful properties for basis functions

• Smoothness

• Local control / support

• Affine invariance

• Convex hull property

Curve       basis function     control points

𝒇 𝑡 =෍

𝑖=1

𝑛

𝐵𝑖 𝑡 𝒑𝑖

Bernstein form



Degree elevation

• Given: 𝒃0,…,𝒃𝑛 → 𝒙 𝑡

• Wanted: ഥ𝒃0, … , ഥ𝒃𝑛, ഥ𝒃𝑛+1 → ഥ𝒙 𝑡 with 𝒙 = ഥ𝒙

• Solution:



Degree elevation

• Given: 𝒃0,…,𝒃𝑛 → 𝒙 𝑡

• Wanted: ഥ𝒃0, … , ഥ𝒃𝑛, ഥ𝒃𝑛+1 → ഥ𝒙 𝑡 with 𝒙 = ഥ𝒙
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ഥ𝒃𝑗 =
𝑗
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𝒃𝑗−1 + 1 −
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Proof

• Let’s consider

1 − 𝑡 𝐵𝑖
𝑛 𝑡 = 1 − 𝑡

𝑛
𝑖

1 − 𝑡 𝑛−𝑖𝑡𝑖 =
𝑛
𝑖

1 − 𝑡 𝑛+1−𝑖𝑡𝑖

=
𝑛 + 1 − 𝑖

𝑛 + 1
𝑛 + 1
𝑖

1 − 𝑡 𝑛+1−𝑖𝑡𝑖

=
𝑛 + 1 − 𝑖

𝑛 + 1
𝐵𝑖
𝑛+1 𝑡

Similarly

𝑡𝐵𝑖
𝑛 𝑡 =

𝑖 + 1

𝑛 + 1
𝐵𝑖
𝑛+1 𝑡



Proof

𝒇 𝑡 = 1 − 𝑡 + 𝑡 𝒇 𝑡 = 1 − 𝑡 + 𝑡 ෍

𝑖=0

𝑛

𝐵𝑖
𝑛 𝑡 𝑷𝑖 =෍

𝑖=0

𝑛

1 − 𝑡 𝐵𝑖
𝑛 𝑡 + 𝑡𝐵𝑖

𝑛 𝑡 𝑷𝑖

=෍

𝑖=0

𝑛
𝑛 + 1 − 𝑖

𝑛 + 1
𝐵𝑖
𝑛+1 𝑡 +

𝑖 + 1

𝑛 + 1
𝐵𝑖+1
𝑛+1 𝑡 𝑷𝑖 =෍

𝑖=0

𝑛
𝑛 + 1 − 𝑖

𝑛 + 1
𝐵𝑖
𝑛+1 𝑡 𝑷𝑖 +෍

𝑖=0

𝑛
𝑖 + 1

𝑛 + 1
𝐵𝑖+1
𝑛+1 𝑡 𝑷𝑖

=෍

𝑖=0

𝑛
𝑛 + 1 − 𝑖

𝑛 + 1
𝐵𝑖
𝑛+1 𝑡 𝑷𝑖 +෍

𝑖=1

𝑛+1
𝑖

𝑛 + 1
𝐵𝑖
𝑛+1 𝑡 𝑷𝑖−1

= ෍

𝑖=0

𝑛+1
𝑛 + 1 − 𝑖

𝑛 + 1
𝐵𝑖
𝑛+1 𝑡 𝑷𝑖 +෍

𝑖=0

𝑛+1
𝑖

𝑛 + 1
𝐵𝑖
𝑛+1 𝑡 𝑷𝑖−1

= ෍

𝑖=0

𝑛+1

𝐵𝑖
𝑛+1 𝑡

𝑛 + 1 − 𝑖

𝑛 + 1
𝑷𝑖 +

𝑖

𝑛 + 1
𝑷𝑖−1
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Adding null terms, 𝑖 = 𝑛 + 1, 𝑖 = 0



Degree elevation: Example

• ഥ𝒃0 = 𝒃0 ഥ𝒃𝑗 =
𝑗

𝑛+1
𝒃𝑗−1 + 1 −

𝑗

𝑛+1
𝒃𝑗

• ഥ𝒃𝑛+1 = 𝒃𝑛 𝑗 = 1,… , 𝑛
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Degree elevation

For repeated degree elevation, the Bézier polygon converges to 
the Bézier curve. (slow convergence)
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Bézier Curves
Subdivision



Subdivision

• Given: 𝑏0, … , 𝑏𝑛 → 𝑥 𝑡 , 𝑡 ∈ 0,1

• Wanted: 𝑏0
1
, … , 𝑏𝑛

1
→ 𝑥 1 𝑡 ,

𝑏0
2
, … , 𝑏𝑛

2
→ 𝑥 2 𝑡 ,

with 𝑥 = 𝑥 1 ∪ 𝑥 2



Subdivision: Example

de Casteljau scheme



Subdivision: Example

de Casteljau scheme



Subdivision

Solution:  𝑏𝑖
1
= 𝑏0

𝑖 , 𝑏𝑖
2
= 𝑏0

𝑛−𝑖 for 𝑖 = 0,… , 𝑛

That means that the new points are intermediate points of the 
de Casteljau algorithm!



Curve range



Curve range



Summary & Outlook

• Bézier curves and curve design
• The rough form is specified by the position of the control points

• Results: smooth curve approximating the control points

• Computation / Representation:
• de Casteljau algorithm

• Bernstein form

• Problems:
• High polynomial degree

• Moving a control point can change the whole curve

• Interpolation of points

• →Bézier splines



Matrix representations
(common in software implementations)



Homogeneous coordinates

𝑃 =

𝑥1 𝑦1 𝑧1 1
𝑥2 𝑦2 𝑧2 1
𝑥3 𝑦3 𝑧3 1
… … … …
𝑥𝑛 𝑦𝑛 𝑧𝑛 1



Transformations

• Basic representation 𝑃∗ = 𝑃 𝑇

𝑃∗ is the new coordinates matrix

𝑃 is the original coordinates matrix, or points matrix

𝑇 is the transformation matrix



Transformations

• Translation (2D example) 

𝑇𝑡 =

1 0 0 0
0 1 0 0
0 0 1 0
𝑥 𝑦 0 1

𝑃∗ = 𝑃 𝑇𝑡



Transformations

• Basic representation 𝑃∗ = 𝑃 𝑇

𝑃∗ is the new coordinates matrix

𝑃 is the original coordinates matrix, or points matrix

𝑇 is the transformation matrix

𝑃 =

𝑥1 𝑦1 0
𝑥2 𝑦2 0
𝑥3 𝑦3 0
… … …
𝑥𝑛 𝑦𝑛 0



Transformations

• Uniform scaling

𝑇 =

𝑠 0 0 0
0 𝑠 0 0
0 0 𝑠 0
0 0 0 1

• Non-uniform scaling

𝑇 =

𝑠𝑥 0 0 0
0 𝑠𝑦 0 0

0 0 𝑠𝑧 0
0 0 0 1



Transformations

• Rotation 2D

ൠ
𝑥 = 𝑟 cos𝛼
𝑦 = 𝑟 sin 𝛼 Original coordinates of point 𝑃

ቋ
𝑥∗ = 𝑟 cos 𝛼 + 𝜃
𝑦∗ = 𝑟 sin 𝛼 + 𝜃

The new coordinates

𝑥∗ 𝑦∗ 0 1 = 𝑥 𝑦 0 1

cos 𝜃 sin 𝜃 0 0
− sin 𝜃 cos 𝜃 0 0

0 0 1 0
0 0 0 1



Transformations

• Rotation about an arbitrary axis (2D)
• Translate the fixed axis so it coincides with z-axis

→ apply to object

• Rotate object about the axis

• Translate object back

𝑃∗ = 𝑃 𝑇𝑡 𝑇𝑟 𝑇−𝑡



Transformations

• Rotation about an arbitrary axis (2D)

Step 1: Translate the fixed axis so it coincides with z-axis

Step 2: Rotate object about the axis

Step 3: Translate the fixed axis back to the original position

𝑃∗ = 𝑃 𝑇𝑡 𝑇𝑟 𝑇−𝑡



Transformations

• Scaling with an arbitrary point 𝑥, 𝑦

𝑃∗ = 𝑃 𝑇𝑡 𝑇𝑠 𝑇−𝑡

=

1 0 0 0
0 1 0 0
0 0 1 0
−𝑥 −𝑦 0 1

𝑠 0 0 0
0 𝑠 0 0
0 0 𝑠 0
0 0 0 1

1 0 0 0
0 1 0 0
0 0 1 0
𝑥 𝑦 0 1

=

𝑠 0 0 0
0 𝑠 0 0
0 0 𝑠 0

𝑥 − 𝑠𝑥 𝑦 − 𝑠𝑦 0 1



Transformations

• Rotation about an arbitrary point 𝑥, 𝑦

𝑇cond = 𝑇𝑡 𝑇𝑠 𝑇−𝑡

=

1 0 0 0
0 1 0 0
0 0 1 0
−𝑥 −𝑦 0 1

cos 𝜃 sin 𝜃 0 0
−sin 𝜃 cos 𝜃 0 0

0 0 1 0
0 0 0 1

1 0 0 0
0 1 0 0
0 0 1 0
𝑥 𝑦 0 1



Transformations

• Mirroring about x-axis (negative scaling along y-axis) 

𝑃∗ = 2 2 0 1

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

= 2 −2 0 1



Transformations

• Mirroring about arbitrary axis

• Translate line to pass through origin

• Rotate axis to coincide with 𝑥-axis 

• Mirror about 𝑥-axis

• Rotate back

• Translate back to original position

𝑃∗ = 𝑃 𝑇𝑡 𝑇𝑟 𝑇𝑚 𝑇−𝑟 𝑇−𝑡



Transformations

• Rotation about coordinates axes (3D) 

𝑇𝑟𝑧 =

cos 𝜃 sin 𝜃 0 0
−sin 𝜃 cos 𝜃 0 0

0 0 1 0
0 0 0 1

𝑇𝑟𝑥 =

1 0 0 0
0 cos 𝜃 sin 𝜃 0
0 − sin 𝜃 cos 𝜃 0
0 0 0 1

𝑇𝑟𝑦 =

cos 𝜃 0 − sin 𝜃 0
0 1 0 0

sin 𝜃 0 cos 𝜃 0
0 0 0 1



Transformations

• Rotation 𝜃 about an arbitrary axis (3D)
1. Translate the given line so that it will pass through the origin

2. Rotate about the 𝑥-axis so that the line lies in the 𝑥𝑧-plane (angle 𝛼) 

3. Rotate about the 𝑦-axis so that the line coincides with the 𝑧-axis (angle 𝜙)

4. Rotate the geometric object about the 𝑧-axis (angle 𝜃 – given rotation angle) 

5. Reverse of step 3

6. Reverse of step 2

7. Reverse of step 1

𝑃∗ = 𝑃 𝑇𝑡 𝑇𝑟 𝛼 𝑇𝑟 𝜙 𝑇𝑟 𝜃 𝑇𝑟 −𝜙 𝑇𝑟 −𝛼 𝑇−𝑡

Alternatively you can use Quaternions!



Bézier Curves

• Cubic Bézier curves         𝑓 𝑡 = 𝑃0𝐵0
3
+ 𝑃1𝐵1

3
+ 𝑃2𝐵2

3
+ 𝑃3𝐵3

3

𝐵0
3

𝑡 =
3!

0! 3!
𝑡0 1 − 𝑡 3 = 1 − 𝑡 3

𝐵1
3
=

3!

1! 2!
𝑡1 1 − 𝑡 2 = 3𝑡 1 − 𝑡 2

𝐵2
3
=

3!

2! 1!
𝑡2 1 − 𝑡 1 = 3𝑡2 1 − 𝑡

𝐵3
3
=

3!

3! 0!
𝑡3 1 − 𝑡 0 = 𝑡3



Bézier Curves

• Cubic Bézier curves        𝑓 𝑡 = 𝑃0𝐵0
3
+ 𝑃1𝐵1

3
+ 𝑃2𝐵2

3
+ 𝑃3𝐵3

3

• In Matrix form:

• -The curve

• -The tangent

𝑓 𝑡 = 𝑡3 𝑡2 𝑡 1

−1 3 −3 1
3 −6 3 0
−3 3 0 0
1 0 0 0

𝑃0
𝑃1
𝑃2
𝑃3

𝑓′ 𝑡 = 3𝑡2 2𝑡 1 0

−1 3 −3 1
3 −6 3 0
−3 3 0 0
1 0 0 0

𝑃0
𝑃1
𝑃2
𝑃3



B-spline Curves (to be covered later)

• Uniform cubic B-Spline curve

𝑓𝑖 𝑡 =
1

6
𝑡3 𝑡2 𝑡 1

−1 3 −3 1
3 −6 3 0
−3 0 3 0
1 4 1 0

𝑃𝑖−1
𝑃𝑖
𝑃𝑖+1
𝑃𝑖+2



B-spline Curves (to be covered later)

• Other splines:

– Catmull-Rom

– Cardinal splines

– Tensioned splines

−𝑎 2 − 𝑎 𝑎 − 2 𝑎
2𝑎 𝑎 − 3 3 − 2𝑎 −𝑎
−𝑎 0 𝑎 0
0 1 0 0

1

6

−𝑎 12 − 9𝑎 9𝑎 − 12 𝑎
2𝑎 𝑎 − 3 18 − 15𝑎 −𝑎
−3𝑎 0 3𝑎 0
0 6 − 2𝑎 𝑎 0

𝑓𝑖 𝑡 = 𝑡3 𝑡2 𝑡 1
1

2

−1 3 −3 1
2 −5 4 −1
−1 0 1 0
0 1 0 0

𝑃𝑖−1
𝑃𝑖
𝑃𝑖+1
𝑃𝑖+2


